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THE CHARACTER OF METASTABLE STATES
OF THE ANTIPROTONIC HELIUM

A.V.Matveenko, H.Fukuda*

A simple semianalytic wave function for «the Atomcule» — metastable state of the
antiprotonic helium — is derived using body-fixed hyperspherical coordinates:

¥R & n. & B,Y) = R7c,(R) sin o, e o) +
+¢y(R) cos * o, 1P (0, — 018, B, &),

where B({('y. B, &) is o-projection of the rotational motion, o, and 6, are the usual two-body-
channel hyperspherical angles, cos @, =0- 'x\. defines the angle fixing the position of the
inertia tensor principal axis ® in the particle triangle plane with respect to one of its sides x,
(same for w,). Formally this expression is the well-known linear combination of two
approximately resonant hydrogenic orbitals: the novel position is their angular part that
exhibits the common pure rotational (dynamic) component B(’;(y, B, @) and the kinematic part
coupling together collective (®,) and channel (8,) angles in a general case. Hyperradius R and
&, m are internal dynamic variables.

As lower lying states of pHe* have the configuration of the ground one, i.e., the product
of two hydrogenic orbitals, all they have a rather different character. This determines the
longevity of high angular momentum molecular states.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics,
JINR.

Xapam‘ep MeTacTabHIBHBIX COCTOSHMIT AHTHIIPOTOHHOI'O reJIug
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Momyuena npocras noMyaHaTHTHYECKas BOMHOBas (DYHKUHS I8 METACTaGHIBHBIX COCTO-
AHHH AHTAMPOTOHHOTO renus. HenonesyloTes runepeepHyeckune KOOPIHHATHE C OCHI0 KBAHTO-
BaHHd, HANPRBNICHHOH BIOJIb ONHOH M3 [MIABHREIX OCEH TEH30PA MHEPLMH CHCTEMbE TPEX YaCTHII,
BrIGOp OCH XBaHTOBaHHA IO3BONIAET HAKTOPH3IOBATh BPAIIATENLHYIO COCTARIAMLIYI0 BONHOBOH
Gynxuumy. Ee ocTapuiascs 4acTh MMEET BUI OGLIMHOMN MONEKYSPHO OPGHTATH; HOBHM MOMEH-
TOM SBIAETCH XapaKTCpHas 3aBHCHMOCTb ATOMHBIX OPGHTaneit OT TaK HA3BIBAEMBIX <«BHYT-
PEHHHX YIIOB», KOTOPHIMH B JaHHOM Cllydae ARIAITCA: YION MEXIY Napoil IKOGHEBCKHX Bek-
TOPOB, a TAKXE YIOJI, 3aJaI0LLMi MOMOKEHHE [TABHOM OCH TEH30pa MHEPLHH.
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[TocxoneKy cocTOfHHK, NIeXallHe HHXE, HMEIOT ITIABHLIM 00pa3oM KOH(PHIYPAUMIO OCHOB-
HOTO COCTOSHHA (IIPOM3BCICHHC 3TOMHHIX OpOHTancit), aBTOMATHYECKH pelHaeTcd BOMPOC O
METacTabHIBHOCTH NaHHKIX COCTOSHME (TMHEHHOH KOMOGHHALIMM aTOMHBIX opBuTaneii).

Pabora swnomicHa B JlaGoparopHu Teoperiyeckoit dr3ukr kM. H.H.BoromoGosa OUSIH.

Recently observed laser-induced transitions in antiprotonic helium atoms [1]
unambiguously demonstrated that the anomalous longevity of antiprotons results from the

formation of high angular momentum states of pHe' {2,3]. The full variational calculation
[4] of the corresponding Coulombic three-body problem has practically reproduced the
observed transitions. On the other hand, there are many experimental findings that have not
been explained theoretically. Among them are phase and density effects, isotopic effect and
quenching by foreign gases [1]. Though it is widely believed that the formation of the
exotic system is due to an atomic electron replacement by the incoming antiproton, there is
neither direct experimental information nor reliable theoretical prediction on the distribution
of the captured particles. The most probable principal quantum number of the initially

formed state is estimated to be n = ‘JM'/ , 38, where M" is the reduced mass of the
captured antiproton and m, is the electronic mass. The total angular momentum J of this

state is expected to be equal to the angular momentum of the corresponding circular orbit,
i.e,, J=1=n- 1. In this communication we shall derive a semianalytic wave function for

metastable states of pHe* which has all symmetry properties of the state and its kinematical
features exactly incorporated. They define the probability distribution and, as a result, the
physical characteristics of the state. Though a pseudosymmetry operator, accounting for the
above-mentioned kinematic features of metastable states can be formally created, we just
consider them as forming «the character» of the state [5,6]. In a similar context, propensity
rules for radiative and non-radiative decay of resonant states of two-electron atoms, also of
the positronium negative ion [7], based on the underlying approximate molecular-orbital
structure, demonstrate the usefulness of the idea.

. Let X and x be Jacobi vectors for the three-body system p + e + o (see the Figure). It
is a standard molecular configuration but contrary to the usual case the mass of the
«valence» particle is the biggest. The hyperradius R and the corresponding reduced masses
M and | are given by

L= 4 . )

m K om, mo+m,
The total centre of mass Hamiltonian of the problem then reads
1 1 3 .59 . A?

He——=-%2

2M RS oR ﬁ+MR2’ 2)

depending on the set of six coordinates {R, o) where 0 serves for five hyperspherical
angles The most commonly used space-fixed choice of variables o is {o, x X } with X

and X defining the polar angles of the corresponding vectors and

o, = arctan [%] 3
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Figure. Three-body molecular Jacobi coordinates X and x (c-
set); with o-particle playing the role of the valence particle, form
the reference configuration [ tan 2w) = pxz sin (20) / (MX 24
+ u.xz cos (20))]. As a-particle and p are much more heavier
than electron, the actual position of x and the inertial tensor
principal axis cannot be pictured properly, they practically
coincide with x;, and ® = 8,". Two additional Jacobi-vector sets
(a and b) are not pictured. They are defined as in our paper [8]

In this case ) )
') 1 + L
sin220tc dor, ¢ dot, coszocc sinzac 4

where I and L are the angular momenta corresponding to x and X. As is well known there
are three different sets of Jacobi vectors for a three-body problem so the underscript notifies
the set chosen.

The hyperspherical harmonics (HH) are defined as the solutions of the angular part of

the Schrédinger equation
(A% - KK + 9)]Y (0) = 0, )
with K being the quantum number of the so-called grand angular momentum. As only

normal parity states, i.e., those for which the quantum number of the total parity p = (-) I
will be considered in the communication, we can omit the superscript in the corresponding
context.

The recently derived parametrization of the body-frame HH [8] will be intensively used
in our derivation. It reads
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J
- J) ~
YL &N B O = X vy & B, B, &), ©)
m =0(1)
where

P J
Yitmef& MW =fry @) X PFOM? (@)U !, (7)

m

My, B, &) = L NEEL BB +PODI L BB ®

4n 1-1»60"l -m

with the coefficients forming the Clang-Fano orthogonal matrix [9]
UM = p-y * 1 ™2 =5 (1, J, -m, m|L, 0). ©)

P;"(G) are the normalized associated Legendre polynomials of cos 6 and the parity projected
combination of the Rose d-functions [10] is of the form

1
V(T + 8, )1 +5,,,

As is indicated in (7) all three auxiliary variables a, cos 6, o should be expressed in terms

of common dynamic variables {£, 1}, say, hyperspheroidal coordinates [8]. The parameter
© defines the angle between the vector X and the principal axis of the three-body inertia-
tensor (Figure). The {y, B, &}-set is given by the Euler rotation bringing the space-fixed
frame into the inertia-tensor frame. Following [11] we shall choose among solutions (6) the
HH which do not have internal (configurational) excitation by putting

K=J=1+L. (11)

P (w)= [d; (@) +p *"d! (@) . (10)

Under this condition we have
@) = cos’ac sin"ozC (12)
thus finishing the specification of the three-body angular basis (6).
By introducing the partial-wave expansion of HH into the eigenvalue equation (5) and
integrating over {y, B, &}-variables we arrive at the system of J + 1 Schrédinger equations

for vector-column HH (7) with the components m’ =0, 1, ..., J defining the projection of
the total angular momentum onto the body-fixed z-axis.

Now we are ready to construct the wave-function for pHe' metastable states. They
should be molecular orbitals formed by two approximately degenerate atomic orbitals:
(o + e)-hydrogenic state depending on radial variable x,, with principal quantum number
n,=1, and (o + p)-hydrogenic state depending on x, with n,=J+ 1, angular momentum
L =]

xa

Firstly, we note that due to specific mass relations for the particles constituting pHe*

we have <~ Ba' (Fig.), and the quantization axis practically coincides with the

corresponding side of the particle triangle. Thus, as the electron is occupying the ls-state
the total angular momentum J is mainly due to the pair angular motion given by L, and,



Matveenko A.V., Fukuda H. The Character of Metastable 9

as a result, only (m’ =0)-component of the wave-function survives. Accordingly, the
molecular orbital of the metastable state can be written in the form

O(R, & 1, & B, ) = By, B, BRI, (R, (01 ) B U PO e 1
J

+ BRI o) 3, PO (@)U &), (13)
: m
where we have used the functional form (7) twice with
‘/Exa A 2 R .
tanaa=m, cos 6a=xa‘- Xa, 0)a=Ga — o (Fig.), (14)
a a

and where the reduced masses M, and M correspond to Jacobi vectors x, and Xa,
respectively; similar notation holds for the Jacobi pair x, and X,. Naturally, € and €, are

the energies of the corresponding orbitals or variational parameters close to their values.
The particular form (13) demonstrates the flexibility of the parametrization of HH in the
form (7). starting from the space-fixed frame we were able to factorize y, B, G-Euler
rotation as

A JP -~ A Jp A Jp A [

Dy, B, & =D "0, w, ) D70, X ) (15)
for the antiprotonic orbital and as

A J) = _ ) A A

Dy, B, & = D?(0, w,, 0) D*P(¢,, x,) (16)

A
for the electronic state, where DJ”(O, ®, 0) is the parity-preserving rotation in the triangle
plane and ¢a(b) is the azimuthal angle of the corresponding vectors.

The general expression for y;lbn, (7) can be further simplified for both and

ijJD(a)
yJJJOO(b) if we make use of the following expressions

bl _ IJmpp—s— __1
Uno =PC) 2= 3, Tre1

I+ (1 +8§,,)
2

PI®) = (" dgb(©) (17

and apply the group property of dP-matrices [11]
J

Jp —- J] J) )
dm,(a +P) = dmﬁ((x)dw”:,(ﬁ). (18)
p=0
The simplified form of (13) will then be

y(Atomeule) = {c, (R)x e "sP (@) +
+ cy(RX] 0P (@, - 0,18y, B, 6. (19)

Here the sin’o factor supplied by the scalar part (12) of the HH (7) has been used to
account exactly for the pair-interaction singularity. Though ®,~ 0 and ®, ~ 6, hold, the
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Legendre polynomials Pj(a)a) and P[w, - Gb) provide the correlation due to electron-

antiproton interaction and play the crucial kinematic role incorporating the two-body
relative motion into the three-body wave function.

«The character» of the long-lived antiprotonic states is emphasized by the primitive
form of their wave function (19). Accordingly, these states comprise a specific series of
resonant states with its own «ground state». As the probability distribution for the states
(19) is of some particular configuration one might expect the overlap integral between them
and non-molecular states to be small. The approximate solution (19) is keeping equal to
zero the projection of the total angular momentum onto the body-fixed z-axis. One more
approximate quantum number specifying «the character» of the metastable state will appear
if we introduce the hyperradial-adiabatic approximation [12,13]: it will be the vibrational
quantum number describing the excitation mode in the corresponding adiabatic potential.

To finish the paper we answer the question: «What metastable antiprotonic states are:
atomic or molecular states?» They are definitely molecular states as they exist due to the
peculiar correlation between the electron and antiproton motion and they are long-lived just
because of their molecular form (19). On the other hand, crude energetic characteristics of
the metastable states can be calculated in a kinematically more primitive approaches:
keeping either o-particle (atomic picture) or both, o-particle and antiproton (Born-
Oppenheimer adiabatic description), fixed.

The title of the recent paper by J.M.Rost and D.Wintgen [7] is: «Positronium Negative
fon: Molecule or Atom?» Using hyperspherical adiabatic approach they demonstrate the

molecular mode in the resonance spectrum of (e + e + e+)-system that is, of course, not so
much evident for the ground state of the system.

References

1. Morita N. et al. — Phys. Rev. Lett., 1994, v.72, p.1180; Maas F. et al. — Phys. Rev.,
1995, v.A52, p.4266.

2. Condo G.T. — Phys. Lett., 1964, v.9, p.65.

. Russel J.E. — Phys. Rev. Lett., 1969, v.23, p.63; Phys. Rev., 1969, v.188, p.187;
Phys. Rev., 1970, v.Al, p.721; Phys. Rev., 1970, v.Al, p.735; Phys. Rev., 1969, v.A1l,
p.742.

. Korobov V.I. — Phys. Rev., 1996, v.A54, p.R1749,

. Russek A., Furlan R. — Phys. Rev., 1989, v.A39, p.5034.

. Riera A. — In: Time Dependent Molecular Dynamics, Plenum Press, New York, 1992,

. Rost J.M. — Hyperfine Int., 1994, vol.89, p.343; Rost J.M., Wintgen D. — Phys. Rev.
Lett., 1992, v.69, p.2499.

" 8. Matveenko A.V,, Fukuda H. — J. Phys., 1996, v.B29, p.1575.

9. Chang E.S., Fano U. — Phys. Rev., 1972, v.A6, p.173.

10. Rose M.E. — Elementary Theory of Angular Momentum, New York: Wiley, 1957.

11. Matveenko A.V., Fukuda H. — to be published.

12. Macek J.H. — J. Phys., 1968, v.B1, p.831.

13. Matveenko A.V. — Phys. Lett., 1985, v.B129, p.11.

W

NN s

Received on October 15, 1996.





